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We give a brief review of the physics of acoustic oscillations in Cosmic Microwave Background (CMB)
anisotropies. As an example of the impact of their detection in cosmology, we show how the present data on
CMB angular power spectrum on sub-degree scales can be used to constrain dark energy cosmological models.
1. Introduction
As it is well known, see e.g. [1], Cosmic
Microwave Background (CMB) anisotropies can
be thought of as fluctuations δT/T around the
mean black body temperature T ≃ 2.726 K of
the cosmological radiation. CMB anisotropies in
a particular direction nˆ appear to us as a line
of sight integral on the temperature fluctuations
δT/T (nˆ, z) carried by CMB photons last scat-
tered at a distance r(z) from us, and weighted
with the last scattering probability P (z):
δT
T
(here, now, nˆ) =
∫
∞
0
δT
T
(nˆ, z)P (z)dz . (1)
The last scattering probability P (z) is fixed by
cosmological recombination history and it turns
out to be a narrow peak around a decoupling
redshift zdec with mean and dispersion given by
1 + zdec ≃ 1100 , ∆zdec ≃ 100 , corresponding to
physical distances
rdec ≃ 6000h−1 Mpc ,∆rdec ≃ 10h−1 Mpc . (2)
Therefore, CMB anisotropies can be thought of as
a snapshot of the cosmic thermodynamical tem-
perature in the early Universe.
Their dependence on the line of sight is usu-
ally described through an expansion into spheri-
cal harmonics
δT
T
(nˆ) =
∑
lm
almYlm(nˆ) . (3)
The anisotropy two point correlation function,
obtained averaging the product of fluctuations
coming from all pairs of directions separated by
an angle θ, can be expanded into Legendre poly-
nomials Pl(cos θ):
<
δT
T
(nˆ)
δT
T
(nˆ′) >nˆ·nˆ′=cos θ =
=
∑
l
2l+ 1
4π
ClPl(cos θ) . (4)
The relation of Cls with alm coefficients is
Cl =
1
2l+ 1
∑
m
|alm|2 . (5)
At high multipoles, l ≫ 1, the Legendre poly-
nomials have a sharp peak at θ ≃ 200/l de-
grees; as a consequence, a Cl coefficient quan-
tifies the anisotropy power on the same angu-
lar scale. Moreover, taking into account that
CMB anisotropies come essentially from a nar-
row spherical shell in redshift as in Eq.(2), also
known as last scattering surface, Cl probes per-
turbations on a cosmological scale λ represented
as in figure 1.
2Given that the cosmological horizon at de-
coupling subtends roughly one degree on the
sky, this scale separates the sub-horizon from
super-horizon regimes. After the first discov-
ery of large scale CMB anisotropies by COBE
[2], a breakthrough on the sub-degree struc-
ture of this signal is underway. Data from the
two balloon-borne experiments BOOMERanG
and MAXIMA [3,4] and the ground based in-
terferometer DASI [5] gave strong evidence of
the presence of a peak at angular scales cor-
responding to a degree, as well as important
indications for the existence of other peaks on
smaller scales. Forthcoming data from satellites
MAP (http://map.nasa.gsfc.gov) and Planck
(http://astro.estec.esa.nl/Planck), will re-
veal CMB acoustic oscillations on the whole sky.
In this paper we give a brief review of the
most important physical mechanisms responsible
for the formation of CMB acoustic peaks on sub-
degree angular scales, together with some appli-
cation of present data to constrain cosmological
models. In Section II we put CMB anisotropies in
the context of cosmological perturbation theory.
In Section III we describe the phenomenology of
acoustic peaks. Finally in Section IV we show
an example of the impact of CMB on cosmology,
briefly describing how these data can constrain
cosmologies with dark energy.
2. Introducing linear cosmological pertur-
bation theory
Linear cosmological perturbation theory de-
scribes small fluctuations around background
quantities in cosmology. A few years after the
first historical works [6,7], a general treatment
of cosmological perturbations has been written
[8] and extended to the more general context
of scalar-tensor theories of gravity [9]. Recent
works [10,11] focus on CMB anisotropies, giving a
complete description of their theoretical and phe-
nomenological aspects. Even if we can give here
only the very basic details of this theory it is use-
ful to put CMB anisotropies into their context.
We restrict our analysis to flat cosmologies.
On cosmological scales, the line element ds2 =
gµνdx
µdxν is described by a perturbed Fried-
LSS
Figure 1. Angle-scale relation for CMB
anisotropy.
mann Robertson Walker (FRW) metric tensor
gµν(~x, η) = a(η)
2[γµν + hµν(~x, η)] , (6)
where a is the scale factor describing cosmic ex-
pansion and η represents the conformal time, de-
fined in terms of the usual time by dη = dt/a;
γµν represents he background Minkowski metric.
The linear fluctuations hµν ≪ 1 are conveniently
decomposed into the three different components
hµν = h
S
µν + h
V
µν + h
T
µν , (7)
transforming as scalar, vector and tensor quan-
tities under spatial rotations, respectively [8].
Scalar metric fluctuations represent, in a New-
tonian fashion, scalar quantities like a gravita-
tional potential; vectors modes represent vorticity
while tensors represent cosmological gravitational
waves. We restrict our analysis to scalar pertur-
bations only. Linearity introduces a gauge free-
dom so that equations of motion and perturbed
quantities can have different expressions in differ-
ent frames separated by a linear coordinate trans-
formation. In other words not all the elements of
3hµν are independent, but some of them can be set
to zero via a proper gauge choice. Here we fix the
conformal Newtonian gauge for which the metric
fluctuations appear isotropic with respect to the
cosmic expansion: the non-zero metric perturba-
tions of scalar type are
Ψ =
h00
2
, Φ =
h11
2
=
h22
2
=
h33
2
. (8)
On the other hand, linearity allows to analyze cos-
mological perturbation evolution in Fourier space,
since Fourier modes do not mix at a linear level.
Unless otherwise specified, we write equations in
the Fourier space in the following.
Correspondingly to the metric fluctuations, the
stress energy tensor Tµν is perturbed: for what
concerns scalar perturbations, any cosmologi-
cal component x admits energy density, velocity
and pressure perturbations due to isotropic and
anisotropic stress [8]:
δx ≡ δρx
ρx
, vx , πL , πT . (9)
The above quantities fully describe scalar pertur-
bations for non-relativistic species, for which ve-
locity perturbations are enough to describe their
peculiar motion with respect to the comoving ex-
pansion. Relativistic species move at the speed of
light and are characterized by a propagation di-
rection nˆ which needs to be properly treated. The
dependence on the propagation direction of the
thermodynamical temperature of CMB photons
is a key aspect of CMB perturbation phenomenol-
ogy. Each Fourier component at wavevector ~k,
describing the spatial dependence, is expanded in
the Fourier space, then the dependence on nˆ is
described through a spherical harmonic expan-
sion taking the direction in the Fourier space, kˆ,
as polar axis; for scalar perturbations, only Leg-
endre polynomials are necessary [11]:
δT
T
(~k, η, nˆ) =
∑
l
(
δT
T
)
l
(η)Pl(nˆ · kˆ) . (10)
Monopole, dipole and quadrupole in the above ex-
pansion are related to density, velocity and stress
perturbations of CMB radiation. In Newtonian
gauge these relations, for density and velocity,
take the form
δγ = 4
(
δT
T
)
0
, vγ =
(
δT
T
)
1
, (11)
where the first one recalls the Stephan-Boltzmann
law ρ ∝ T 4. As we expose in the next Section,
most of the CMB phenomenology derives from
the behavior of the monopole term.
Unperturbed Einstein equations link the Ein-
stein gravitational tensor Gµν to the stress en-
ergy tensor and describe the scale factor evolu-
tion. Conservation equations T νµ;ν = 0 complete
the evolution system. In the same way, perturbed
Einstein and conservation equations describe per-
turbation evolution:
δGµν = 8πGδTµν , δT
ν
µ ;ν = 0 . (12)
We do not write here the form of the above equa-
tions for all cosmological species. In the next Sec-
tion we write only the ones which are relevant to
give a simple understanding of the phenomenol-
ogy of CMB anisotropies in terms of the initial
conditions which are supposed to be fixed in the
early Universe.
3. Sub-degree CMB acoustic oscillations
The dynamics of the CMB thermodynami-
cal temperature fluctuations is dictated by the
Thomson scattering cross section. For each
Fourier mode, evolution equations for each multi-
pole defined as in (10) can be expanded in power
of the ratio between the wavevector amplitude
k and the differential optical depth for Thom-
son scattering τ˙ , which corresponds to the in-
verse of the photon mean free path. Dynam-
ics is frozen to the initial conditions for scales
which are larger than cosmological horizon scale
λH and the photon mean free path, kλH ≪ 1,
k/τ˙ ≪ 1; generically, initial conditions are such
that only the lowest multipoles are different from
zero. After the horizon crossing these multipoles
evolve giving rise to acoustic oscillations but do
not transmit power to the higher multipoles until
decoupling: at that time, the mean free path for
photons increases rapidly up to the cosmological
horizon and the oscillations are transmitted also
to higher multipoles [10,11]; therefore, the decou-
4pled photons carry the snapshot of acoustic oscil-
lations on sub-horizon scales at decoupling. Pro-
jected on the last scattering surface, the horizon
corresponds to a degree in the sky, so that acous-
tic oscillations are mapped by sub-degree CMB
anisotropies.
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Figure 2. Schematical sketch of sub-horizon
acoustic oscillations for Fourier modes having
same wavenumber k but different directions (top)
and their mean quadratic power (middle); acous-
tic peaks in the sky signal in typical adiabatic
cosmological models (bottom), see text.
For our purposes here, the study of the evo-
lution of the zero-point fluctuation (δT/T )0 is
enough. At the lowest order in k/τ˙ , after horizon
crossing, neglecting the cosmological friction and
the time derivatives of gravitational potentials,
the zero-point temperature fluctuation obeys the
simple equation
¨(δT
T
)
0
+
k2
3
(
δT
T
)
0
= −k
2
3
Ψ , (13)
which merely represents an harmonic oscillator
with radiation sound velocity 1/
√
3, forced by the
cosmological gravitational potential Ψ [11]. In the
limit in which the latter is constant, the solution,
which is valid after the horizon crossing time ηHC ,
can be found analytically and describes most of
the CMB acoustic oscillation phenomenology.
In the simplest inflationary scenario (see e.g.
[1]) with adiabatic initial conditions, the curva-
ture is perturbed with the same power on all cos-
mological scales at the horizon crossing. It can be
seen [8] that curvature perturbation is closely re-
lated to the cosmological gravitational potential
Ψ. Writing the generic Fourier mode as its mod-
ule multiplied by its phase, Ψ(~k) = |Ψ(~k)|eiφ~k ,
inflationary initial conditions generate an initial
Gaussian spectrum where the first term has in
mean the same amplitude for all modes at the
horizon crossing, while the phase φ~k is random.
At the horizon crossing the initial conditions for
thermodynamical temperature fluctuations are
simply related to the gravitational potential as(
δT
T
)
0
∝ Ψ 6= 0 ,
˙(δT
T
)
0
= 0 , (14)
so that the solution to (13) takes the simple form(
δT
T
)
0
(η) =
[(
δT
T
)
0
(ηHC) + Ψ
]
×
× cos
[
k(η − ηHC)√
3
]
−Ψ , (15)
representing oscillation occurring for a given scale
k; as it is schematically sketched in figure 2, δT/T
fluctuations for Fourier wavevectors with differ-
ent direction but same amplitude k have ran-
dom phases so that their mean is zero but have
the same zeros (top panel), and their root mean
square power presents coherent acoustic peaks
(middle panel) located at k(η − ηHC) = nπ
√
3,
with n integer. In the bottom panel, we show the
sky signal of a typical cosmological model hav-
ing adiabatic initial conditions. The highest peak
corresponds to scales crossing the horizon just
at decoupling, and occur at a multipole l corre-
sponding precisely to the angle subtended by the
horizon at last scattering. The second peak at
l ≃ 500 corresponds to scales that were in hori-
zon crossing slightly before decoupling and that
5at the time of decoupling, when the CMB snap-
shot is taken, were in the maximum of their sec-
ond oscillation. In the same way, the third peak
corresponds to scales in horizon crossing even be-
fore, being in the maximum of their third oscilla-
tion at the moment of the snapshot. The series
of peaks continues at higher multipoles, with de-
creasing amplitude because of diffusion damping.
As we mentioned in the Introduction, present
data are strongly supporting this scenario, hav-
ing revealed the first peak with very high confi-
dence level and significant indications for a sec-
ond and a third peak in the spectrum. Competing
models for cosmological structure formation, see
e.g. [1] and references therein, predict markedly
different spectra. Isocurvature models are gen-
erally characterized by a non-zero entropy per-
turbation between different species, keeping the
curvature unperturbed; consequently, at horizon
crossing the zero-point temperature fluctuation is
zero, but not its time derivative, resulting in a
sine time dependence instead of a cosine like in
adiabatic models (15), with a consequent shift of
acoustic peaks by π/2 with respect to the adia-
batic case. Coherent acoustic peaks are generally
absent in non-Gaussian models like cosmological
defects, because at horizon crossing both (δT/T )0
and (δT/T )1 can be different from zero, in a way
which is different for each Fourier mode, thus de-
stroying coherence.
In the next Section we conclude this paper, giv-
ing a worked example on how the evidence for
acoustic peaks in the CMB spectrum and their
sensitivity to the main cosmological parameters
can be used to constrain cosmological models.
4. Constraining dark energy with CMB
data
As it is well known, CMB data are a pow-
erful tool to constrain cosmological models, ei-
ther because of the sensitivity on the most im-
portant cosmological parameters, either because
they represent the Universe as it was before non-
linear structure formation, thus being relatively
simple to be read and understood. On the other
hand, CMB alone cannot fix all cosmological pa-
rameters, either because of internal degeneracies
Figure 3. Likelihood peaks for Quintessence pa-
rameters ΩQ (top) and wQ (bottom) showing
preference for Quintessence models with wQ ≃
−0.8.
[12], either because of the high number, about
10, of parameters to be investigated; indepen-
dent datasets, mostly from Large Scale Struc-
ture (LSS) [13] and Type Ia supernovae [14] are
needed in order to go deep in precision cosmology.
However, under reasonable hypothesis, even the
present CMB data, which of course do not reach
the precision of the satellites MAP and Planck,
can be used to derive interesting constraints on
most important cosmological parameters.
Here we give an example of this, constrain-
ing a dynamical vacuum energy in flat cosmolo-
gies with the present CMB data. The dark en-
ergy, also known as Quintessence, occupies a cen-
tral position in modern cosmology after that at
least three independent evidences, LSS, Super-
novae and CMB, gave indications that almost
70% of the cosmological energy density today re-
sides in a sort of vacuum energy which is respon-
sible for the cosmic acceleration today [13,14,3–
5]. To explain these observations a cosmologi-
cal component with negative equation of state
6is necessary. Dark energy is described as a
self-interacting scalar field rolling on its poten-
tial which admits dynamical trajectories, track-
ing solutions, in which its equation of state wQ
can take values in the range [-0.5,-1], where the
last value recovers the ordinary cosmological con-
stant; these trajectories have been proved to exist
both in ordinary and scalar-tensor cosmology (see
e.g. [15] and references therein). The angle θH
subtended by the horizon at decoupling is sen-
sitive to the dark energy equation of state wQ;
indeed it is the ratio between the comoving value
of Hubble horizon at decoupling, which is almost
insensitive to values of wQ relevant for cosmic ac-
celeration today, and the comoving distance of
the last scattering surface from us, which is
τdec ∝
∫ dec
0
dz[Ωm(1 + z)
3 +ΩK(1 + z)
2 +
+ΩQ(1 + z)
3(1+wQ)]1/2 , (16)
where Ωm, ΩK and ΩQ represent matter, curva-
ture and Quintessence present energy density, re-
spectively. Therefore the angle subtended by the
horizon at decoupling is essentially inversely pro-
portional to τdec. As it is evident, the expression
above is degenerate in the sense that a given τdec
can be made of different combinations of the pa-
rameters entering into the integral. However, one
should remember that this is not the only effect
of dark energy on CMB; the change in the equa-
tion of state at low redshift enhance the CMB
power on low multipoles l ≤ 10 and breaks the
degeneracy between ΩQ and wQ (see e.g. [15]
and references therein). More serious is the de-
generacy of dark energy with closed cosmological
models with ΩK > 0.
In our recent work [16] we fit CMB data [3–
5] gridding several cosmological parameters as
the baryon amount, cosmological gravitational
waves and scalar spectral index, in addition to
Quintessence parameters ΩQ and wQ, by assum-
ing a number of priors including flatness ΩK = 0.
Interestingly, we find a preference of these data
for dark energy models with respect to ordinary
cosmological constant. This is shown in figure
3, representing the likelihood for ΩQ, peaking at
70%, and equation of state, peaking at wQ ≃
−0.8. This effect can be understood as follows:
best fits obtained in the original works on the
CMB data [3–5] slightly prefer closed cosmologi-
cal models, even if flatness is well within errors.
As it is evident from the expression (16), dark en-
ergy models with wQ > −1 induce a term which
is similar to the one of closed models. Therefore,
since we are assuming perfectly flat cosmologies,
the best fit peak on dynamical vacuum energy
models simply because they produce a similar ge-
ometrical effect on the angle subtended by the
horizon at decoupling. Future data will help to
test more deeply this interesting result.
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